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Vorticity is ubiquitous in nature however, to date, studies of vorticity in cosmology and 
the early universe have been quite rare. In this paper, based on a talk in session CMl 
of the 13th Marcel Grossmann Meeting, we consider vorticity generation from scalar 
cosmological perturbations of a perfect fluid system. We show that, at second order 
, in perturbation theory, vorticity is sourced by a coupling between energy density and 

• 1 entropy gradients, thus extending a well-known feature of classical fluid dynamics to 

■ a relativistic cosmological framework. This induced vorticity, sourced by isocurvature 

perturbations, may prove useful in the future as an additional discriminator between 
^ , inflationary models. 
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1. Introduction 

^ ' While in classical fluid dynamics vorticity is a well-studied phenomenon, there have 

■ been very few corresponding studies in early universe cosmology. In the classical 

case, vorticity is simply defined as a; = V x w, where v is the velocity of the fiuid, 



psj ■ and evolves according to 

d 



CN ■ dt p 



^ = V X (t/x cj) + — Vp X VP. (1) 



We can see that the rightmost term, the baroclinic term, acts as a source for the 
vorticity - if this term is zero then in the absence of initial vorticity none will be 
sourced in the system. Thus, for a barotropic fluid there is no source of vorticity. 
However, allowing for entropy in the system, where the equation of state is then 
a function of two independent variables such as P = P{p,S), provides a source 
of vorticity. This was first discovered by Crocco in Ref.'^ In the remainder of this 
article we extend this analysis to cosmology enabling us to study the sourcing of 
vorticity in the early universe. 



2. Vorticity in Cosmology 

In order to study vorticity in the early universe we need to use general relativity. 
The standard, powerful technique for modelling inhomogeneities in cosmology is to 
use cosmological perturbation theory. Starting with a homogeneous and isotropic 
Friedmann-Lemaitre- Robertson- Walker spacetime as a background, small, inhomo- 
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geneous perturbations are added on top, which are then expanded in a series 
for example, the energy density is perturbed as 

p{x,7]) = po{ri) + Spi{x,f]) + ^6p2{x,ri) H , (2) 

where the subscripts denote the order of the perturbation, and rj denotes confornial 
time. We wish to consider perturbations in a system containing a perfect fluid 
with non-barotropic equation of state P = P{p,S), in which case the pressure 
perturbation can be expanded (to first order) as 

dP dP 

On introducing the non-adiabatic pressure perturbation, (5Pnadi, and the adiabatic 
sound speed Cg , this can be rewritten as SPi ~ (^Pnadi +c'^Spi. This can be extended 
beyond hnear order (for details see, e.g., Ref."^). The line element for scalar and 
vector perturbations in the uniform curvature gauge takes the form 

ds'^ (77) [ - (1 + 2(j))dTj'^ + 2B^,dx'dT] + Sijdx^dx^] . (4) 

In general relativity we define the vorticity tensor as cj^i, — Vf/^Vu^u^a-p] where 
V^v is the projection tensor into the fluid rest frame, and is the fluid four- 
velocity. This can be expanded order-by-order in perturbation theory. On doing 
so, and using the evolution equations from energy-momentum conservation and 
the Einstein field equations, we can obtain the evolution equation for first order 
vorticity, uJuj' — ZT-Lc^oJuj — 0. This reproduces the well known resultPthat, in a 
radiation dominated universe, oc a^^, in the absence of anisotropic stress. 

However, at second order things are not as straightforward and we find, after a fair 
amount of algebra, that the second order vorticity evolves aJ^l 

^2./ - mclu:,,, = ^^|3Hyi[.5P„adi,,] + ^-PM^^^^X , (5) 

in the absence of linear vorticity. Thus, we see that while a barotropic fluid does not 
source any vorticity, on allowing for a non-zero adiabatic pressure, or isocurvature, 
perturbation, vorticity is sourced. This is a generalisation of Crocco's theorem to 
an expanding background. 



3. Discussion 

We have briefly shown that vorticity can be sourced at second order in perturbation 
theory by a coupling between scalar perturbations. This is one example of the 
importance of studying higher-order perturbation theory in light of the forthcoming 
influx of experimental data, and shows the potential for new phenomena in the 
higher-order theory giving rise to new observational predictions. The next goal is 
to study the effect of this vorticity on the Cosmic Microwave Background (CMB). 



''There are many reviews on this topic, e.g., Refs.lSKH VVe cannot go into details in this brief article. 
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In Ref.13 we made a first attempt at studying the importance of this vorticity 
and found a power spectrum with large amplification on small scales. In order to 
perform this study we made an ansatz for the non-adiabatic pressure perturba- 
tion. Future work will attempt to use a more realistic input, for example from the 
isocurvature perturbations in multi-field inflationary systems (e.g. Ref.^^, or from 
the relative entropy between relativistic and non-relativistic species in the standard 
concordance cosmology (e.g. Ref.'Sl) in order to investigate the importance of this 
induced vorticity, and the possibility for this vorticity to source B-mode polarisation 
of the CMB. Furthermore, since vorticity is intimately related to magnetic fields,'^ 
another interesting possibility is the sourcing of primordial magnetic fields from 
second order vorticity.'^ 

In summary, as our ability to build powerful experiments to collect higher quality 
data sets improves, we are in a position to study higher-order effects of cosmolog- 
ical perturbation theory, such as vorticity, and investigate their importance to the 
physics of the early universe. 
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